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Structured Model Reference Adaptive Control
for a Class of Nonlinear Systems

Kamesh Subbarao¤ and John L. Junkins†

Texas A&M University, College Station, Texas 77843-3141

A control design methodology for a particular class of nonlinear dynamic systems in the structured � rst-order
form is presented. The differential equationsare distinctly categorized as two sets, one representing exact kinematic
differential equations and the other representing an uncertain dynamic model. The control law seeks exponential
stability of the position errors for the known parameter case. For the uncertain parameter case, an adaptive
controller is designed that guarantees bounded position tracking errors. The ef� cacy of the controller is supported
through simulation examples.

Introduction

O VER the past two decades, adaptivecontrol formulationshave
evolved and have been studied as candidates for controlling

low to moderate dimensioneduncertain dynamic systems. It is well
known that the mathematical structure of the dynamic systems is
affected by the choice of coordinates.1;2

The basic theory of model reference adaptive control is quite
mature, following signi� cant contributions during the 1980s from
Narendra and Annaswamy,3 Sastry and Bodson,4 and Ioannou and
Sun.5 Adaptivecontrol laws for variousclassesof nonlinearsystems
have been studied based on the concept of feedback linearization,
wherein a parameter-independentdiffeomorphism is � rst assumed
to exist.Then, the transformedsystem,whether linear time invariant
or otherwise, becomes amenable to application of the well-known
adaptive control techniques6 in the new set of coordinates.

These strategies have been successfully studied with potential
applications to aerospace vehicle control, especially in the area of
attitude stabilization and tracking of spacecraft.7¡12 Note that the
main reason for the success in tackling the spacecraftand robot ma-
nipulator problems is the recognition of the clean structure implicit
in the equations of motion that describe these systems. This struc-
ture is exploited by Slotine and DiBenedetto13 to derive a Hamilto-
nian adaptive controller. Ahmed, Coppola, and Bernstein10 present
a novel parameterization of the inertia matrix entries and utilize
the structure to achieve asymptotic tracking of spacecraft attitude
maneuvers, in addition to identifying the inertia parameters. Wong,
Queiroz, and Kapila11 use the same inertia matrix parameterization
and combine a � lter that estimates the angular rates of a space-
craft using attitude measurements to track spacecraft maneuvers.
Zergeroglu et al.14 discuss the solution of the nonlinear tracking
of kinematically redundant robot manipulators, and one can � nd
an excellent summary of the similarities between the robot ma-
nipulator problem and the spacecraft control problem in Ref. 15.
Furthermore, the nature of the equations of motion governing dy-
namic systems in the second-order form also renders the system
amenable to passivity-based control strategies.9;12 Several output
feedback-based stabilization techniques with and without adapta-
tion have been proposed.
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However, the preceding does not translate easily to the aircraft
problem, principally because of the implicit dependence of the
aerodynamicparameters on the states of the system. In a spacecraft
attitude maneuver problem, the net change in inertia due to the pro-
pellant used in the case of thrustersis very low compared to the total
mass of the system. Furthermore, one could always use momentum
wheels or passive devices that do not change the mass properties
drastically.Thus, the inertia parameters remain essentially constant
over the maneuverperiod.The system matrices of importance in the
aircraft problem are those that arise out of the parameterization of
the aerodynamic and propulsive forces and moments. These matri-
ces do not have any prescribed structure and, as a result, one can
not use the “nice” properties that have been exploited so well in the
spacecraft problem.

Singh and Steinberg6 discuss the applicationof adaptivefeedback
linearization applied to � ight control, where the reference maneu-
vers are generated through a command generator in the absence of
external disturbances. The present paper extends the results to an
applicationfor tracking an aggressive9-g, 180-deg heading change
maneuverat constantaltitudeandvelocityin thepresenceof external
disturbances and initial condition errors.

In this paper, we start with a nonlinear parameterization16¡18 of
the system dynamics and derive control laws that guarantee stable
tracking of reference trajectories. In the � rst section, the governing
differential equations describing the system dynamics, and the as-
sumptions therein, are explained in detail. The second section deals
with the derivationof the control law for the known parameter case,
whereas the third section outlines the derivation of the control law
for the uncertain parameter case. A class of bounded disturbances
and their effects on the closed-loopproperties of the overall system
is discussed in the fourth section, and the � fth section highlights
the applicability of this approach through a challenging example,
followed by a brief summary of the results from the development.

System Description
We considernonlineardynamicsystems,af� ne in control,that can

be categorized as two sets of differential equations, one represent-
ing the exact kinematics and the other representing the uncertain
dynamics. These sets of differential equations can be compactly
written, as in the following structured state–space form:

P¾ D J .¾/! (1)

P! D Ag.¾; !/ C Bu C H .¾; !/ C d (2)

where ¾ 2 Rn is the vector of position coordinates; ! 2 Rn is the
vector of velocity coordinates; J .¾/ 2 Rn £ n is the nonlinear trans-
formation matrix relating P¾ and !; A 2 Rn £ p is a matrix of sys-
tem parameters; g.¾; !/ 2 R p is a vector of smooth, regular non-
linear functions used to describe the unforced dynamic behavior;
B 2 Rn £ n is the control in� uence matrix; u 2 Rn is the vector of
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control inputs (under the assumption that the number of control in-
puts is equal to the number of momentum states); H .¾; !/ 2 Rn

is a vector of known nonlinear functions that do not depend on any
system parameters or, even if they do, they are known to a suf� -
ciently high degree of accuracy (for example, kinematic coupling
terms); and d 2 Rn is a vector of bounded disturbances.

Control Law Derivation for the Known Parameter Case
Let the referencemodel to be trackedbe describedby a similar set

of known equations analogous to the system description in Eqs. (1)
and (2). The reference model is, therefore, represented as follows:

P¾r D J .¾r /!r (3)

P!r D Ar g.¾r ; !r / C Br ur C H .¾r ; !r / (4)

The reference model de� ned in Eqs. (3) and (4) is assumed to be
the best currently available information about the actual system,
which, for example, could be the output of an on-the-� y system
identi� cation process or an a priori model. Thus, given the control
requirements, Eqs. (3) and (4) have been solved for a reference
trajectory ¾r .t/, !r .t/, and ur .t/.

Let s
4D ¾ ¡ ¾r be the position trackingerror.The objectiveof the

control problem is to seek to drive Ps C ¸s ! 0 for ¸ > 0 as t ! 1,
which implies, in turn, thatboth s ! 0 and Ps ! 0 as t ! 1 (because
Ps C ¸s 2 L 2, that is, Ps C ¸s has a � nite two-norm) for the case when
full state information is available for feedback.

Let x
4D ! ¡ !r be the velocity tracking error. Then the tracking

error dynamics can be written as follows:
Ps D J .¾/! ¡ J .¾r /!r D F (5)

Px D Ag.¾; !/ C Bu C H .¾; !/ C d

¡ Ar g.¾r ; !r / ¡ Br ur ¡ H .¾r ; !r / (6)
Let us add and subtract Á, an undetermined function to be spec-

i� ed later, and add and subtract a stabilizing term .Am x ¡ Am x/ to
the right-hand side of Eq. (6). With these modi� cations, Eq. (6) can
be rewritten as
Px D Am x C Á C Ag.¾; !/ C Bu C H .¾; !/ C d

¡ Ar g.¾r ; !r / ¡ Br ur ¡ H .¾r ; !r / ¡ Amx ¡ Á (7)
We choose Am to be any Hurwitz matrix, that is, all eigenvalues of
Am lie in the open left half-plane.For the case when d D 0, de� ning
Ã D ¡H .¾; !/ C Ar g.¾r ; !r / C Br ur C H .¾r ; !r / C Am x C Á,
we can compactly write Eq. (7) as

Px D Amx C Á C [Bu C Ag.¾; !/ ¡ Ã] (8)

Observe that because the number of control inputs are equal to the
number of momentum states, B will be of full rank, and the inverse
can be computed. We can now choose the control law to be

u D ¡B¡1[Ag.¾; !/ ¡ Ã] (9)

By substituting the preceding control law in Eq. (8), we obtain the
overall closed-loop tracking error dynamics of the form

Px D Am x C Á (10)

Ps D F (11)

In theprecedingsystem,we then treatthe as-yetunspeci� ed function
Á as the control input to achieve the necessary tracking control
objective.

When a modi� ed tracking error variable, y
4D Ps C ¸s D J .¾/

[x C Qs], is de� ned, where Qs D .I ¡ J .¾/¡1 J .¾r //!r C J .¾/¡1.¸s/,
it is noted that PJ .¾/¡1 D ¡J .¾/¡1 PJ .¾/J .¾/¡1 and PQs D P!r ¡
J .¾/¡1fJ .¾r / P!r C PJ .¾r /!r ¡ PJ .¾/J .¾/¡1[J .¾r /!r ¡ ¸s] ¡ ¸Psg.

The objective now is to de� ne the function Á, such that the mod-
i� ed tracking error dynamics takes the form Py D Amy. To achieve
that, let us de� ne a candidate Lyapunov function V .y/ as

V D yT Py; P D P T > 0 (12)

Clearly, V .y/ D 0 only if y D 0, or, equivalently, Ps C ¸s D 0. Expo-
nential convergence of the tracking error y to zero can be achieved

by choosing the function Á as

Á D J .¾/¡1

»
Am y ¡ d

dt
[J .¾/].x C Qs/

¼
¡ Am x ¡ PQs (13)

The preceding can be derived by the differentiation of y (de� ned
earlier), the choice of Á to nullify all of the nonlinear terms, and the
enforcement of Py D Am y.

Note that PQs can be computedanalytically,and the computationin-
volves only ¾; ¾r ; !, and !r . The design of Á renders the modi� ed
tracking error dynamics as an exponentially stable system, which
guarantees that y ! 0 as t ! 1 or Ps C ¸s ! 0. That is, s ! 0 and
Ps ! 0 as t ! 1, which, in turn, implies that ¾ ! ¾r and ! ! !r .
Thus, the control objective is achieved.

Control Law Derivation for the Uncertain
Parameter Case

For the unknown parameter case, the control law proposed in the
earlier section [Eq. (9)] can not be used because A and B are poorly
known. We continue with the formulation as earlier, following the
de� nition of Á, such that the error dynamics is represented by

Ps D F (14)

Px D Amx C Á C [Bu C Ag.¾; !/ ¡ Ã] (15)

De� ning Á as in Eq. (13), we can combine Eqs. (14) and (15) to
obtain

Py D Am y C J .¾/[Bu C Ag.¾; !/ ¡ Ã] (16)

Obviously, when the parameters are all known, the choice of
u D ¡B¡1[Ag.¾; !/ ¡ Ã] leads to the same conclusions as in the
earlier section. However, when the parameters are uncertain, the
control law is implemented as

u D ¡ OB¡1[ OAg.¾; !/ ¡ Ã] (17)

where, OA and OB are the current estimates of A and B, respec-
tively, obtained from some adaptive law that has yet to be deter-
mined. Rearrangement of the preceding yields the control identity
OBu C OAg.¾; !/ ¡ Ã D 0. Using this identity, that is, subtracting it

within [ ] in Eq. (16), we obtain

Py D Am y ¡ J .¾/[ QBu C QAg.¾; !/] (18)

where, QB D OB ¡ B and QA D OA ¡ A. The following analysis leads
to the development of the adaptive laws. Let us de� ne a candidate
Lyapunov function V .y; QA; QB/ as follows:

V .y; QA; QB/ D yT Py C T r
£ QAT 0¡1

1
QA C QBT 0¡1

2
QB
¤

(19)

where, P D PT > 0 and 0i D 0T
i > 0, i D 1; 2. Clearly, V .y; QA; QB/

D 0, only when y D 0, QA D 0, and QB D 0. Differentiating Eq. (19)
with respect to time and evaluating PV along the trajectories of
Eq. (18), we can show that

PV D ¡yT Ry (20)

by choosing the adaptive laws for OA and OB as

POA D 01 J .¾/T Pyg.¾; !/T (21)

POB D 02 J .¾/T PyuT (22)

R D RT > 0, such that the existence of P is always guaranteed,
because Am is Hurwitz. P is obtained by solving the Lyapunov
equation P Am C AT

m P D ¡R. Note that the control law implemen-
tationrequires the inverseof OB, andso insteadof inverting OB at every
instant,we couldactually implement the control law using the adap-
tive estimate of the inverse of OB. This is done with the following
identity: .d=dt/[ OB¡1] D ¡M.d=dt/[ OB]M where, M D OB¡1 .
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Closed-Loop Stability Analysis
The preceding adaptive control law is globally stable under a

reasonable set of circumstancesthat we develophereafter,using the
approach established in Refs. 5, 19, and 20. From the properties of
V and PV , we see that y 2 L 2 \ L 1 and QA; QB 2 L 1.

Lemma: If y 2 L 2 \ L 1 then Ps D ¡¸s C y ) s, Ps 2 L 2 \ L 1 for
¸ > 0.

Proof: If s is input-to-state stable with respect to input y and if in
addition, y ! 0, then s and Ps ! 0. For proof see Ref. 21.

Theorem: For the systemdescribedby Eqs. (1) and (2) (d D 0) and
the reference trajectories generated by Eqs. (3) and (4), the control
law in Eq. (17), togetherwith the adaptive law in Eqs. (21) and (22),
ensures that ¾ ! ¾r and ! ! !r .

Proof: Because s and Ps 2 L 2 \ L 1, and ¾r and P¾r 2 L 1 , we con-
clude that ¾ and P¾ 2 L 1. Therefore,usingEq. (1), we conclude that
! 2 L 1 . This implies that g.¾; !/ 2 L 1 and H.¾; !/ 2 L 1 , all of
which leads us to conclude that Ã 2 L 1 .

Because QA and QB 2 L 1 , we can conclude from Eq. (18) that
Py 2 L 1. Because y 2 L 2 \ L 1 and Py 2 L 1, using Barbalat’s lemma
(see Ref. 5), we conclude that y ! 0 as t ! 1.

Because y D Ps C ¸s ! 0, as t ! 1, it is trivial to show that s ! 0
and Ps ! 0 as t ! 1. Hence, ¾ ! ¾r and P¾ ! P¾r or ! ! !r as
t ! 1. This concludes the proof. ¥

Structured Adaptive Control in the Presence
of Bounded Disturbances

In the presence of a bounded disturbance vector, the preceding
results can be extended, and the tracking error dynamics can be
written as

Py D Amy ¡ J .¾/[ QBu C QAg.¾; !/] C J .¾/d (23)

It is well known that if the effect of the disturbance is not accounted
for during the adaptive law design, the adaptive law can become un-
stable due to parameter drift. We can � nd several techniques in the
literature5 to ensurethat this instabilityphenomenonis avoided,such
as the � xed-º modi� cation, switching-º modi� cation,etc.However,
the choice of each techniquehas certain drawbacks associatedwith
it. We concludethat the choiceof the techniquedependson the prob-
lem under consideration.In the present problem, we shall consider
the � xed-º modi� cation to avoid this instability phenomenon. To
this effect, we modify the adaptive law derived earlier as follows:

POA D 01 J .¾/T Pyg.¾; !/T ¡ .º=2/ OA (24)

POB D 02 J .¾/T PyuT ¡ .º=2/ OB (25)

where º will be de� ned later. The addition of the second term in the
adaptive law is to ensure that the time derivative of the Lyapunov
function used to analyze the adaptive scheme becomes negative in
the space of the parameter estimates,when these parameters exceed
certainbounds.Thus, the derivativeof the Lyapunovfunctionis now
modi� ed as follows:

PV D ¡yT Ry C yT P J .¾/d C dT J .¾/T Py

¡ ºT r
¡

QAT 0¡1
1

OA
¢

¡ ºT r
¡

QBT 0¡1
2

OB
¢

(26)

Manipulating the terms on the right-hand side (RHS) as outlined in
Ref. 22, we can show

RHS · ¡ 1
2
yT Ry C 1

2
dT J .¾/T Rd J .¾/d

where P A¡1
m C A¡T

m P D ¡Rd .
Furthermore, one can show that

PV · ¡®V ¡ 1
2
yT .R ¡ 2®P/y ¡ [.º=2/ ¡ ®]

£
T r

¡ QAT 0¡1
1

QA
¢

C T r
¡

QBT 0¡1
2

QB
¢¤

C .º=2/
£
Tr

¡
AT 0¡1

1 A
¢

C T r
¡
BT 0¡1

2 B
¢¤

C 1
2 dT J .¾/T Rd J .¾/d

where ® > 0. If we choose ® D min[ 1
2 ¹.R/¹.P¡1/; º=2], where

¹. / is the spectral radius (maximum eigenvalue) operator, then it
immediately follows that
PV · ¡®V C 1

2 dT J .¾/T Rd J .¾/d

C .º=2/
£
T r

¡
AT 0¡1

1 A
¢

C Tr
¡
BT 0¡1

2 B
¢¤

(27)

If d0 > 0, an upper bound for the error term J .¾/d for all ¾.t/ can
be found, then PV · 0 whenever

V ¸ V0
1D .1=®/

©
1
2
dT

0 Rdd0 C .º=2/
£
T r

¡
AT 0¡1

1 A
¢

C T r
¡
BT 0¡1

2 B
¢¤ª

(28)

Note that the term 1
2 dT J .¾/T Rd J .¾/d depends on ¾ and could

be unbounded, especially when ¾ approaches any singular atti-
tude con� guration. Thus, it is required that J .¾/d be bounded
for achievement of the control objectives in the presence of dis-
turbances. This essential requirement is missed completely if one
starts with a linearized description of the kinematics. Also note
that this quantity depends on the choice of the position coordinates.
As an example, we look at the parameterization of the attitude us-
ing the modi� ed Rodrigues parameters (see Ref. 17). For this case,
J .¾/T J .¾/ D .1 C ¾2/2 I , where ¾2 ´ ¾T ¾. If one was to represent
the kinematicsusing the quaternions, then J .¾/d is bounded; how-
ever, the effect of the additional constraint imposed by the quater-
nions needs to be investigated further.

Thus, we conclude that for cases when the kinematic differential
equations approach singular con� gurations, the control law cannot
accommodate disturbances, even if the disturbances are bounded.
However, if the kinematics is guaranteed to be nonsingular, then an
upper bound can always be found to guarantee stable tracking error
dynamics.

Furthermore, becausethe disturbanceis essentiallyunknown, the
control law does not try to cancel the disturbance in any way.

Therefore, with the º modi� cation, we managed to extend the
properties of the adaptive law for the ideal case when d D 0,
that is, y, OA, OB , POA, and POB 2 L 1 to the nonideal case when d 6D 0
providedthat J .¾/d 2 L 1 . If the precedingcan be guaranteed,then,
by integrating Eq. (28), we can establish that the parameter er-
rors converge exponentially to the residual set de� ned by Dº D
.. QA; QB/ 2 Rn £ p £ Rn £ n jT r. QAT 0¡1

1
QA C QBT 0¡1

2
QB/ · .1=®/f 1

2
dT

0
Rd d0 C .º=2/[Tr .AT 0¡1

1 A/ C T r.BT 0¡1
2 B/]g/. However, the L 2

property of y, POA, and POB can no longer be guaranteed in the presence
of the nonzeroerror term J .¾/d, thoughit is possible to show that y,
POA, and POB are .d2

0 C º/-small in the mean-square sense. This is the
price we pay by employing the � xed-º modi� cation to achieve ro-
bustness. If the bounds on the parameters are known a priori, one
could use the switching-º modi� cation or parameter projection to
achieve robustness and retain some of the stability properties. Fur-
thermore,note that the mean square small bound on y can lead to the
phenomenon called bursting, that is, y may assume values higher
than the order of the modeling error/disturbance for short � nite in-
tervals of time. One way to avoid this bursting phenomenon is to
use a dead-zone modi� cation.

For the case when the disturbances are absent, one can choose
º D 0 in the adaptive laws just derived. For this case, using the
analysis in Ref. 5, we can show that y ! 0, ¾ ! ¾r , and ! ! !r

as t ! 1.
Consider the adaptive error equations and the error dynamics

representedbyEqs. (21), (22), and (18). The trackingerrordynamics
is

Py D Amy ¡ J .¾/[ QBu C QAg.¾; !/] C J .¾/d (29)

When Q2 D [ QA
::: QB] and N9 D [g.¾; !/T uT ]T are denoted, Eq. (29)

can be rewritten as

Py D Amy C J .¾/.¡ Q2 N9 C d/ (30)

or [y] D Wm. p/[J .¾/f¡ Q2 N9 C dg], where Wm .p/ is a diagonalma-
trix of rational stable transfer functions generated from Am . When
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d0 D J .¾/d is de� ned, the adaptive laws can now be written as
PO2 D ¡J .¾/T Py N9T . Because supt jd0.t/j · dm , it follows that if
jyj À dm , then the signal J .¾/.¡ Q2 N9/ is dominant in y. On the
other hand, if jyj < dm , then d0 may be dominant in y. Therefore,
a small y relative to dm indicates the possible presence of a large
noise (becauseof d0 ) to signal [J .¾/.¡ Q2 N9/] ratio, whereas large y
relative to dm indicates a small noise to signal ratio. Thus, it seems
reasonable to update the parameter estimate Q2 only when the signal
J .¾/.¡ Q2 N9/ in y is large relative to the disturbanced0 . This method
of adaptation is referred to as the dead zone becauseof the presence
of a zoneor intervalwhere O2 is constant, that is, no updatingoccurs.
Thus, the adaptive law becomes

PO2 D ¡J .¾/T P.y C ydz/ N9T

yd z D
»

0 if jyj ¸ y0
d z

¡y if jyj < y0
dz

¼
(31)

where, y0
d z is a known strict upper bound for d0.t/, that is,

y0
d z > dm ¸ supt jJ .¾/d.t/j. The function ¼.y/ D y C yd z is known

as the dead-zone function. It follows from Eq. (31) that for small y,
we have PO2 D 0, and no adaptation takes place, whereas for large y,
we adapt the same way as if there were no disturbance.Because the
implementation of the dead zone as described could lead to prob-
lems related to the existence and uniquenessof solutions, as well as
computational problems at the switching surface23 because of the
discontinuity of the dead-zone function, we avoid these problems
using a continuous dead zone as de� ned here:

PO2 D ¡J .¾/T P.y C ydz/ N9T

ydz D

8
<

:

¡y0
d z if y > y0

dz

y0
d z if y < ¡y0

d z

¡y if jyj · y0
d z

9
=

; (32)

Hence, the adaptive law with dead zone guarantees the property
y, P2 2 L 1 in the presence of nonzero d0 2 L 1 . Also note that the
dead zone preserves the L 2 properties of the adaptive law, despite
the presence of the bounded disturbance d0. A lot of interesting
propertiesof the dead zone can be inferredwith theanalysisoutlined
in Ref. 5. However, it is omitted here for the lack of space.

Simulation Example: High-g Turn Maneuver
of an F-A/18-Like Aircraft

The simpli� ed nonlinear equations of motion of a generic high-
performance aircraft can be summarized as follows:

0

@
PÁ
Pµ
PÃ

1

A D

0

@
p C q tan µ sin Á C r tan µ cos Á

q cos Á ¡ r sin Á

q sin Á sec µ C r cos Á secµ

1

A

0

BBBB@

Pp
Pq
Pr
P®
P̄

1

CCCCA
D

0

BBBB@

l¯ ¯ C lqq C lrr C .l¯®¯ C lr®r/1® C l p p ¡ i1qr

Nm®1® C Nmqq C i2 pr ¡ m P® p¯ C m P®.g0=V /.cos µ cos Á ¡ cos µ0/

n¯ ¯ C nrr C n p p C n p® p1® ¡ i3 pq C nqq

q ¡ p¯ C z® 1® C .g0=V /.cos µ cos Á ¡ cosµ0/

y¯ ¯ C p.sin ®0 C 1®/ ¡ r cos®0 C .g0=V / cos µ sin Á

1

CCCCA

C

0

BBBB@

l±a l±r 0

0 0 Nm±e

n±a n±r 0

0 0 0

0 0 0

1

CCCCA

0

@
±a

±r

±e

1

A

where, ® and ¯ are the angleof attackand the angleof sideslip in the
stability (wind) axes; Á, µ , and Ã are the roll, pitch, and yaw angles;
p, q, and r are the body axes roll, pitch, and yaw rates; and ±a , ±r ,
and ±e are the aileron, rudder, and elevator (stabilator) de� ections,
respectively. The terms l./, m./ , Nm./, n./ , z./ , and y./ are the stabil-
ity axes derivatives or the aerodynamic in� uence terms due to the
aircraft states and controls. Finally, i./ are the terms arising out of
the aircraft’s moments of inertia. This model represents the aircraft
dynamics for a zero bank angle � ight. The only nonlinearities that
are retained in the dynamic model are the kinematic coupling and
the inertial coupling terms.

We observe, in the preceding set of equations, that the control
in� uence matrix is not full rank as assumed in the original problem
formulation.However, lookingat the P® equationand the P̄ equation,
we note that these variables can be controlled indirectly using the
pitch rate and the yaw rate, respectively. Though y¯ and z® could
be (in fact, will be) uncertain, they are usually well known within a
suf� cient degreeof accuracy.Furthermore, the sign of these stability
derivatives is accurately known. Because the ® and ¯ subsystems
can be independently controlled using the body axis pitch rate and
yaw rate, respectively,we could derive the desired rates that would
be needed to stabilizethese subsystems.These desiredrates are then
used to modify the reference pitch rate and yaw rate commands,6;24

thus ensuring reasonabledynamic behavior of ® and ¯ . If y¯ and z®

are exactly known, one can implement the tracking control law to
track pref , qref, andrref perfectly,and therebyachieveperfecttracking
of ®ref and ¯ref . Because the maneuver to be tracked in the case under
study is a high-g turn maneuver at constant altitude and velocity,
we will attempt perfect tracking of ¾ D [Á µ Ã]T , ! D [p q r]T ,
or [ PÁ Pµ PÃ ]T . Thus, for the de� nition of ¾ and ! as just described,
we rewrite the equations of motion as follows:
0

@
PÁ
Pµ
PÃ

1

A D

0

@
p C q tan µ sin Á C r tan µ cos Á

q cos Á ¡ r sin Á

q sinÁ sec µ C r cos Á secµ

1

A

0

@
Pp
Pq
Pr

1

A D

0

@
l¯¯ C lqq C lr r C .l¯®¯ C lr®r /1® C l p p ¡ i1qr

Nm® 1® C Nmqq C i2 pr ¡ m P® p¯ C m P®.g0=V /.cos µ cosÁ ¡ cos µ0/

n¯ ¯ C nr r C n p p C n p® p1® ¡ i3 pq C nqq

1

A

C

0
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³
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´
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³
q ¡ p¯ C z® 1® C .g0=V /.cos µ cos Á ¡ cosµ0/

y¯ ¯ C p.sin ®0 C 1®/ ¡ r cos ®0 C .g0=V / cosµ sin Á

´

The terms corresponding to inertial coupling are further taken out
of this system description, and we denote H .¾; !/ D [¡i1qr C
i2 pr ¡ i3 pq]T . Thus, the system description without the P® and P̄
equations can be cast into the general description in Eqs. (1) and
(2). Observe that when ¾ D ¾0 D 0 and ! D !0 D 0,

P® D z® 1®; P̄ D y¯ ¯

One can show that the ® and ¯ dynamics are locally input-to-state
stable, treating p, q, and r as inputs to the respective subsystems.
Substituting p D q D r D 0, we see that 1® D 0, and ¯ D 0 are ex-
ponentially stable equilibria as long as z® and y¯ are negative. The
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Fig. 1 Open-loop trajectory.

Fig. 2 Errors (P, Q, R, and ®) vs time (seconds) [ideal initial conditions
(ICs) and no external disturbances].

subsequentanalysis to show the local input-to-statestabilityfollows
along the same line outlined in Ref. 1. Alternatively, the problem
could be posed in the backsteppingsetting outlined in Refs. 25 and
26 to � rst stabilize the angle of attack (AOA) and angle of sideslip
(AOS) dynamics robustly and then solve the tracking control prob-
lem. Note that the maneuver does not involve tracking ® and ¯ . We
only require that subsystem dynamics be stable. The maneuver is a
9-g, 180-deg heading change at constant altitude and velocity. The
reference trajectory is generatedwith the precedingmodel. The � rst
phase of the trajectory is a roll-into-the-turnphase, where a desired
bank angle is commanded, followed by a steady heading change at
constant bank angle. The � nal phase of the maneuver is the roll-
out-of-the-turn, where the wings are brought to straight and level
orientation. The open-loop reference trajectory is shown in Fig. 1.
The actual system is assumed to be a perturbation of the model
used for the trajectory generation. The stability derivatives are all
assumed perturbed by as much as 30%, in addition to initial condi-
tion errors. A constant external disturbanceaccelerationof 6 deg/s2

is added to the roll, pitch, and yaw axes. Figs. 2–4 correspond to
ideal initial conditions, that is, the actual system initial conditions
are the same as that of the reference trajectory and the external dis-
turbances are absent. We see that, by the end of the maneuver, all
of the angular errors and the rate errors converge to zero. There is a
very small offset in the angle of sideslip of < 0:5 degrees.

Figures 5–7 correspond to the case where there is a constant
externaldisturbanceaccelerationin the roll, pitch,andyawchannels,
in addition to the initial condition errors. We observe excursions
in the ® and ¯ responses, as expected. These excursions could be
controlledby modifyingthe referencetrajectoryvaluesas suggested

Fig. 3 Errors (¯, Á, µ, and Ã) vs time (seconds) (ideal ICs and no
external disturbances).

Fig. 4 Controls (±e, ±a, and ±r) vs time (seconds) (ideal ICs and no
external disturbances).

Fig. 5 Errors (P, Q, R, and®) vs time (seconds) (IC errors and external
disturbances).

in Ref. 24, but we havenot done that here. In this case, the body axes
rate errors and the AOA and AOS errors converge to zero at the end
of the maneuver, but there are nonzero steady-stateerrors in the roll,
pitch, and yaw angles. It is important to arrest the AOA and AOS
errorsbecause these could easily couple through the body axes rates
and drive the closed-loop system unstable. The maximum angular
errors are less then 8 deg. Note that the inclusionof an integralof the
angular errors term in the control law could potentially nullify the
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Fig. 6 Errors (¯, Á, µ, and Ã) vs time (seconds) (IC errors and external
disturbances).

Fig. 7 Controls (±e, ±a , and ±r) vs time (seconds) (IC errors and exter-
nal disturbances).

Fig. 8 Errors (P, Q, R, and ®) vs time (seconds) (IC errors and external
disturbances), with/without adaptation.

steady-state errors. However, the closed-loop stability would have
to be reexamined because the adaptation laws would be different.
Note that transient performance of the closed-loopsystem could be
improvedfurtherby the choiceof appropriateadaptationand control
law parameters.

Figures 8–10 show the results for the case with and without
adaptation. Note that the performance is unacceptable for the case
when adaptation is switched off. However, we extract acceptable

Fig. 9 Errors (¯, Á, µ, and Ã) vs time (seconds) (IC errors and external
disturbances), with/without adaptation.

Fig. 10 Controls (±e, ±a, and ±r) vs time (seconds) (IC errors and ex-
ternal disturbances), with/without adaptation.

performancewith adaptationon. This result correspondsto the case
where there is 30% uncertaintyin the system matrices, initial condi-
tion errors, and constant disturbance acceleration in the roll, pitch,
and yaw axes. Note that the results without adaptation correspond
to a dynamic inversion-type controller. Some amount of stabiliza-
tion is achieved through the prescriptionof the Hurwitz matrix Am .
We acknowledge that a more rigorous robust controller could have
been designed to extract better tracking performance; however, the
objective of this exercise was to show the bene� ts of adaptation as
opposed to a pure dynamic inversion-basedcontroller.

Conclusions
A structured model reference adaptive controller was developed

to track aggressive aircraft maneuvers. The control design explic-
itly incorporates the knowledge of the underlying structure of the
differentialequationsgoverningthe motion of the aircraft.We guar-
antee globally exponentially stable tracking error dynamics for the
known parameter case in the absence of external disturbances.For
the case where the parameters are uncertain, the adaptive controller
guarantees asymptotic stability of the tracking error dynamics in
the absence of external disturbances. In the presence of external
disturbances, the tracking errors are shown to be bounded in the
mean square small sense. The aircraft model is not exactly in the
same form as the formulation requires. However, for the trajectory
that is tracked,undersuitableassumptions,we extend the theoryand
show throughsimulationthat, indeed,stabletrackingerrordynamics
are achievable for suf� ciently large model errors, initial condition
errors, and external disturbances.



SUBBARAO AND JUNKINS 557

Acknowledgments
The authors thank Marc Steinberg with the Naval Air Systems

Command, Maryland, for the simpli� ed nonlinear model of the
F-A/18, for numerous suggestions,and for validatingour controller
independently on his Medium Fidelity nonlinear simulation plat-
form. We express our sincere thanks to all of the anonymousreview-
ers for their constructive comments to improve the presentation of
the results in the paper.

References
1Junkins, J. L., and Kim, Y., Introduction to Dynamics and Control of

Flexible Structures, AIAA Education Series, AIAA, Washington,DC, 1993,
pp. 115–132.

2Junkins, J. L., “Adventures on the Interface of Dynamics and Control,”
Journalof Guidance,Control,andDynamics, Vol. 20,No. 6, 1997,pp. 1058–

1071.
3Narendra, K. S., and Annaswamy, A., StableAdaptiveSystems, Prentice–

Hall, Upper Saddle River, NJ, 1989.
4Sastry, S., and Bodson, M., Adaptive Control: Stability, Convergence

and Robustness, Prentice–Hall, Upper Saddle River, NJ, 1989.
5Ioannou, P. A., and Sun, J., Stable and Robust Adaptive Control,

Prentice–Hall, Upper Saddle River, NJ, 1995, pp. 85–134.
6Singh, S. N., and Steinberg, M., “Adaptive Control of Feedback Lin-

earizable Nonlinear Systems with Application to Flight Control,”Journal of
Guidance, Control, and Dynamics, Vol. 19, No. 4, 1996, pp. 871–877.

7Wen, J., and Kreutz-Delgado, K., “The Attitude ControlProblem,” IEEE
Transactions on Automatic Control, Vol. 36, No. 10, 1991, pp. 1148–1162.

8Sheen, J.-J., and Bishop, R., “Adaptive Nonlinear Control of Space-
craft,” Proceedings of the American Control Conference, American Auto-
matic Control Council, Evanston, IL, 1994, pp. 2867–2871.

9Egeland, O., and Godhavn, J. M., “Passivity-Based Adaptive Attitude
Control of Rigid Spacecraft,” IEEE Transactions on Automatic Control,
Vol. 39, No. 4, 1994, pp. 842–845.

10Ahmed, J., Coppola, V. T., and Bernstein, D. S., “Adaptive Asymptotic
Tracking of Spacecraft Attitude Motion with Inertia Matrix Identi� cation,”
Journalof Guidance, Control, and Dynamics, Vol. 21, No. 5, 1998, pp. 684–

691.
11Wong, H., M. S., de Queiroz, and Kapila, V., “Adaptive Tracking Con-

trol Using Synthesized Velocity from Attitude Measurements,” Automatica,

Vol. 37, No. 6, 2001, pp. 947–953.
12Caccavale, F., and Villani, L., “Output Feedback Control for Attitude

Tracking,” System and Control Letters, Vol. 38, Oct. 1999, pp. 91–98.
13Slotine,J. J. E., and DiBenedetto,M.D., “HamiltonianAdaptiveControl

of Spacecraft,” IEEE Transactions on Automatic Control, Vol. 35, No. 7,
1990, pp. 848–852.

14Zergeroglu, E., Dawson, D. M., Walker, I., and Behal, A., “Nonlinear
Tracking Control of Kinematically Redundant Robot Manipulators,” Pro-
ceedings of the American Control Conference, American Automatic Control
Council, Evanston, IL, 2000, pp. 2513–2517.

15Slotine,J., and Li, W.,AppliedNonlinearControl, Prentice–Hall, Upper
Saddle River, NJ, 1991.

16Junkins, J. L., Akella, M. R., and Robinett, R. D., “Nonlinear Adap-
tive Control of Spacecraft Maneuvers,” Journal of Guidance, Control, and
Dynamics, Vol. 20, No. 6, 1997, pp. 1104–1110.

17Shuster, M. D., “A Survey of Attitude Representations,” Journal of the
Astronautical Sciences, Vol. 41, No. 4, 1993, pp. 439–517.

18Junkins, J. L., and Turner, J. D., Optimal Spacecraft RotationalManeu-
vers, Elsevier, Amsterdam, The Netherlands, 1986, pp. 26–29.

19Vidyasagar, M., and DeSoer, C., Feedback Control Systems—InputOut-
put Properties, Prentice–Hall, Upper Saddle River, NJ, 1995.

20Cristi, R., and Burl, J., “Adaptive Eigenaxis Rotations,” Proceed-
ings of the European Control Conference, IEE, London, 1993, pp. 243–

247.
21Khalil, H., Nonlinear Systems, Prentice–Hall, Upper Saddle River, NJ,

1996.
22Subbarao, K., “Structured Adaptive Model Inversion (SAMI): Theory

and Applications to Trajectory Tracking for Non-Linear Dynamical Sys-
tems,” Ph.D. Dissertation, Dept. of Aerospace Engineering, Texas A&M
Univ., College Station, TX, Aug. 2001.

23Polycarpou,M., and Ioannou, P. A., “On the Existence and Uniqueness
of Solutionsin Adaptive ControlSystems,” IEEE Transactionson Automatic
Control, Vol. 38, No. 3, 1993, pp. 474–479.

24Landau, Y. D., Adaptive Control–The Model Reference Approach, Mar-
cel Dekker, New York, 1979.

25Schumacher, C., and Singh,S.N., “NonlinearControlof MultipleUAVs
in Close-Coupled Formation Flight,”AIAA Guidance, Navigation,and Con-
trol Conference, Aug. 2000.

26Hrkegrd, O., “Flight Control Design Using Backstepping,” TR Licen-
tiate Thesis 875, Dept. of Electrical Engineering, Linkpings Universitet,
Linkping, Sweden, March 2001.


